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Abstract: Explicit time-dependent solutions of the 10D vacuum Einstein equations are
found for which spacetime is compactified on six-dimensional warped spaces. We explicitly
work out an example where the internal manifold is a six-dimensional generalized space
having positive, negative or zero scalar curvature, whose base can be a five-sphere S5 or
an Einstein space T 1,1 = (S2 × S2) ⋊ S1. In this paper, inflationary de Sitter solutions
are found just by solving the 10D vacuum Einstein equations. Our results further
show that the limitation with warped models studied to date has arisen partly from an
oversimplification of the 10D metric ansatz. We also give some explicit examples of a
non-singular warped compactification on de Sitter space dS4.
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1. Introduction
The observed current acceleration of our universe [1] is among the most puzzling discoveries
in modern cosmology. This somewhat unexpected result together with an inflationary
epoch required to solve the horizon and flatness problems of the big bang cosmology need
to be understood in the framework of fundamental theories. While the basic principles of
the early inflation are rather well established, with many of its predictions being supported
by observational data from WMAP [2], it still remains a paradigm in search of a concrete
theoretical model. Efforts are still underway to explain accelerating universes from string
theory – a consistent quantum theory of gravity in 9 + 1 spacetime dimensions.
In light of observational evidence for both an inflationary epoch in the distant past
and a recent cosmic acceleration, it is of importance to construct explicit de Sitter so-
lutions from 10D or 11d supergravity models which are the low-energy effective theories
of superstrings. In recent years, various low energy versions of string theory have been
widely used to understand and to probe the mathematical structures of quantum field
theories and cosmologies at a microscopic scale. String theory has been a source of new
ideas and has greatly inspired novel scenarios of cosmology, but it has yet to confront data
and make predictions. Examples of predictions which have received considerable interests
include mechanism of supersymmetry breaking, techniques of generating a small positive
cosmological constant [3] or quintessence [4] and general statements about the scale and
properties of inflation [5]. Motivated by this success and observation driven cosmology, it
is natural to study string theory models in cosmological backgrounds [6–10].
The first requirement for any predictable model based on string theory (or theories
of higher dimensional gravity) is to find a mechanism of dimensional reduction from 10
(or 11) dimensions to 4. The simplest scenario of this type is ordinary Kaluza-Klein
compactification of a 10D supergravity theory with geometry of the form M ≡M4 ×M6,
where M4 is a four dimensional space-time with Lorenzian signature and M6 is a six-
dimensional compact manifold. Models in four dimensions obtained through ordinary KK
reduction on a Ricci-flat space (or string theory compactified on Ricci flat Calabi-Yau
spaces) are, however, far from being phenomenologically interesting as they are plagued at
the classical level by a plethora of massless scalar fields φi, which are not observed in our
real world. A viable 4D effective theory, like Einstein’s theory of general relativity, must
feature a cosmological constant-like term or a nontrivial scalar field potential. The latter
could on the one hand lift the moduli degeneracy, thereby making the theory predictive,
and on the other hand select a vacuum state for our universe with some desirable properties,
such as a small cosmological vacuum energy or gravitational dark energy.
An important problem in string or higher dimensional cosmology is to explain the
asymmetry between the sizes of large and small spatial dimensions. A reasonable explana-
tion for the observed asymmetry would be a cosmological evolution in which all dimensions
are initially small (and symmetric) and are then subject to asymmetric expansion driven
by the underlying cosmological dynamics. It would be interesting to see if inflationary cos-
mologies and/or the origin of three large spatial dimensions can be understood as purely an
outcome of the vacuum Einstein equations in a cosmological (time-dependent) background.
To construct a phenomenologically viable model, one could either consider a compact
internal space and then deal properly with the stabilization of the extra dimensional volume,
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or else consider a noncompact solution and then introduce a method of inducing finite-
strength four dimensional gravity. Particularly, in the context of ten-dimensional warped
supergravity models, some of the extra dimensions could extend along the physical 4D
hypersurface. In this scenario the effective 4D Newton’s constant can be finite because of
a strong warping of extra dimensions as in the Randall-Sundrum braneworld models [12].
In this paper, we report on new cosmological solutions that explain inflationary uni-
verses utilizing exact solutions of 10D Einstein equations. These solutions correspond to
the dimensional reduction to 4 dimensions of the type II supergravity, where the spacetime
is a warped product of a six-dimensional generalized space Y6 and M4 (≡ IR1,3). We also
outline possible observational consequences of these new exact solutions, which may have
significant contribution in current efforts to make contact with cosmological observations.
2. Ricci-flat spaces and time-dependent solutions
Assuming that ten-dimensional supergravity is the relevant framework, we start with the
following 10D metric ansatz (in Einstein-conformal frame):
ds2
10
= e−6ϕ(x)e2A(y)gˆµνdxµdxν + e2ϕ(x)e−αA(y)gmn(y)dymdyn, (2.1)
where eϕ(x) is the Weyl rescaling factor, A(y) is the warp factor as a function of one of the
internal coordinates, y, and α is a constant. For the present study, which will be based on
10D vacuum Einstein equations, the above metric ansatz is sufficiently general. The metric
of the usual 3 + 1 spacetime (or a Friedmann-Robertson-Walker universe) is
ds2
4
≡ gˆµνdxµdxν ≡ −a2δdu2 + a2dx2, (2.2)
where a(u) is a scale factor and δ is a constant. The cosmic time t is defined by dt = aδdu.
The metric of the internal six-dimensional space Y6 may be written as
ds2
6
= gmn(y)dy
mdyn = dy2 + f(y)ds2
X5
. (2.3)
The 5D base space X5 may be taken to be an Einstein space T
1,1 = (S2 × S2)⋊ S1 with
the metric
ds2
X5
= gijdΘ
idΘj =
1
9
e2ψ +
1
6
(
e2θ1 + e
2
φ1 + e
2
θ2 + e
2
φ2
)
, (2.4)
where eθi = dθi, eφi = sin θidφi, eψ ≡ dψ + cos θ1dφ1 + cos θ2dφ2 or some other compact
manifolds, such as S5. In the above, (θ1, φ1) and (θ2, φ2) are coordinates on each S
2 and
ψ is the coordinate of a U(1) fiber over the two spheres. In this particular example, the
internal space Y6 becomes Ricci flat (R(g˜) = 0) when f(y) ≡ y2. The metric (2.3) then
defines a standard 6D conifold widely studied in the literature, in the context of warped
supergravity solutions; see, for example [13].
Before presenting some explicit solutions, we shall make some general comments about
our choice of the 10D metric ansatz. In dimensions D ≥ 6, and with A(y) 6= const, one
cannot absorb the factor e−αA(y) into gmn(y) just by using some coordinate transformations
unless that each and every components of the metric gmn(y) are equal or proportional to
the same function, say f(y). For brevity, let us take D = 10 and write the 6D metric as
ds2
6
= h(y) dy2 + f(y) g˜mndΘ
mdΘn, (2.5)
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where g˜mn denote the metric components of the base space X5, which are independent of
the y coordinate. In order to absorb the factor e−αA inside dy2 one could use the relation
e−αA(y)h(y)dy2 ≡ dy˜2 and also define a new function X(y˜) such that e−αA(y)f(y) ≡ X(y˜).
The warp factor e2A(y) multiplying the 4D part of the metric is now [X(y˜)/f(y˜)]−2/α. As
is evident, the 10D metric still involves two unknown functions and the free parameter α.
Thus, in order to solve 10D Einstein equations in full generality, we should perhaps allow
in the 10D metric ansatz one more free parameter, like α in the above example, than those
considered in the literature, for example, [11, 14,15].
It is easy check that, with the metric (2.1), the 10D vacuum Einstein equations allow
explicit solutions only when dAdy
dϕ
dt = 0, which is the vanishing condition of the Ricci tensor
Rty. In this paper we only study explicit solutions of 10D vacuum Einstein equations, so
we may consistently demand that either A(y) = const or ϕ(t) = const. Of course, these
conditions can be relaxed by introducing more complicated metric fluxes (or geometric
twists) or by introducing external fluxes (or form fields) as present in various versions of
supergravity or string theory. Alternatively, as in [9, 10], one could allow time-varying
volume factors to each of the factor spaces, such as X5 = (S
2 × S2)⋊ S1.
First, let us assume that the Weyl factor e2ϕ is time varying, dϕ/dt 6= 0. In the vacuum
case, the condition Rty = 0 implies that A(y) = const. In this case the exact solution to
10D Einstein equations following from equations (2.1)-(2.4) is given by
a(u) ∝ ec0u, ϕ = ±1
2
ln a, δ = 3. (2.6)
where c0 is arbitrary. The same result can be obtained by considering more general Ricci
flat spaces, such as
ds26 = f1(y) dy
2 + f2(y) ds
2
X5
. (2.7)
The Ricci-flatness condition R6 = 0 implies that 4f1f2 = (df2/dy)
2, which is satisfied, for
instance, with f1(y) ≡ f0 and f2(y) = f0(y + y0)2. A more general 6D metric ansatz is
ds2
6
= λ2f1(y) dy
2 +
λ2
1
9
f2(y)y
2e2ψ +
λ2
2
6
y2
(
e2θ1 + e
2
φ1
)
+
λ2
3
6
(y2 + 6b2)
(
e2θ2 + e
2
φ2
)
, (2.8)
where λ, λi are arbitrary constants and b is the resolution parameter. This metric becomes
Ricci flat when
f−1
1
(y) = f2(y) =
y6 + 9b2y4 + c
y4(y2 + 6b2)
, (2.9)
where c is an arbitrary constant and λ1 = λ2 = λ3 = λ. In this case the metric (2.8) defines
a standard 6D resolved conifold considered previously by Tseytlin et al [16]. The impor-
tance of taking a warped conifold metric has already been emphasized in the literature,
see [10] for a discussion in a time-dependent (cosmological) background and [13,16,17] for
some discussions in a static supergravity background.
In the case of A(y) = const and a Ricci-flat 6D space (irrespective of its topology), the
solution to 10D vacuum Einstein equations is given by
a ∝ (t+ t1)1/3, ϕ = ϕ0 ±
1
6
ln(t+ t1). (2.10)
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This gives only a non-accelerating universe. A more interesting solution can be found by
replacing the FRW metric (2.2) by the metric of an open universe, in which case one has
the following critical solution:
a(t) = t+ t1, ϕ(t) = const, A(y) = const. (2.11)
A detailed analysis shows that one has to consistently set ϕ = const to get an inflationary
de Sitter solution from 10D Einstein equations, at least, in pure supergravity models.
3. Generalized 6D spaces and exact de Sitter solutions
In this section we present a few explicit models of warped compactification for which
inflationary de Sitter solutions are possible even in the vacuum case. These examples
belong to standard warped compactifications for which the external fluxes are turned off
or absent.
First we write the 10D metric in the following form (with α = 0):
ds210 = e
2A(y)ds2
4
+ λ2
(
dy2 +
y2
2
ds2
X5
)
. (3.1)
One could in principle start with the metric of a generalized 6D space given in (2.8),
but with α = 0 the 10D vacuum Einstein equations admit an exact solution only when
λ1 = λ2 = λ3 = λ/
√
2 and b2 = c = 0, for which the metric (2.8) reduces to the 6D part of
the metric(3.1). The explicit solution to 10D Einstein equations is given by
A(y) =
1
2
ln
(
3y2
8L2
)
, a(t) ∝ et/λL, (3.2)
where L is arbitrary. Interestingly enough, a warped spacetime as in (3.1) is also motivated
from particle physics consideration in the manner of the Randall-Sundrum model [12],
where one ignores the X5 part of the 10D metric. There is however a crucial difference
from that in RS models. In our case, the usual 4D spacetime and the internal 6D space
both have positive curvature: Rˆ(4) = 6(a¨/a + a˙
2/a2) = 12/(λ2L2) and R˜(6) = 20/(λ
2y2).
The 10D warped geometry is dS4⋉Y6. It is readily checked that, for the solution (3.2), the
10D Ricci scalar curvature vanishes, R10 = e
−2ARˆ4+R˜6−(4/λ2)(2A′′+5A′2+10A′/y) = 0.
Next, we write the 10D metric in the following form (with α = 2)
ds210 = e
2A(y) gˆµνdx
µdxν + e−2A(y) ds26. (3.3)
The 10D Einstein equations admit an exact solution when the 6D metric takes the form
ds26 = λ
2
(
dy2 + 2y2 ds2
X5
)
, (3.4)
which is actually obtained by taking λ1 = λ2 = λ3 =
√
2λ and b2 = c = 0 in (2.8). In
terms of the u-coordinate (i.e. with δ = 3 in equation (2.2)), the explicit solution is given
by
A(y) =
1
4
ln
(
3y2
2L2
)
, a(u) =
(
λ2L2
9u2
)1/6
. (3.5)
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Note that the singularity of the scale factor at u = 0 is not a singularity of the usual 4D
spacetime. This may be understood by looking at the same solution but expressed in terms
of the 4D proper time t, which is nothing but a(t) ∝ exp (t/λL).
The above results clearly show that an accelerated expansion of the non-compact
directions require nothing extraordinary other than a 6D Einstein space Y6 (which may
be positively curved as in (3.1) or negatively curved as in (3.4)) that supports not only a
nontrivial warp factor but also a nonzero Hubble parameter. To our knowledge, this gives
the first example where de Sitter solutions are found just by solving 10D vacuum Einstein
equations, i.e., without introducing external fluxes or form fields.
Inflationary de Sitter solutions can be obtained also from warped compactifications on
some Ricci flat 6D spaces, provided we write the 10D metric in a more general form. For
illustration, let us make the following ansatz
ds210 = e
2A(y)ds24 + e
−αA(y)λ2
(
dy2 + α1 y
2ds2
X5
)
, (3.6)
where α and α1 are some constants. For this metric ansatz, we get
√−g10 = λ6108 α5/21 y5e(4−3α)A sin θ1 sin θ2
√
−gˆ4, (3.7a)
R10 = e−2A
(
Rˆ4 − LΛ
)
, (3.7b)
where Rˆ4 = 6(a¨/a+ a˙
2/a2) and
LΛ =
e(α+2)A
λ2
[
(8− 5α)
(
A′′ +
5
y
A′
)
+ (20− 16α + 5α2)A′2 + 20
y2
(α1 − 1)
α1
]
, (3.8)
where A′ = dA/dy. The 6D scalar curvature is R(6) = 20(1 − α1)/(α1y2). The effective
4D theory can have a nonzero cosmological constant-like term even when the 6D space is
Ricci flat. This corresponds to the choice α1 = 1. To be precise, we can explicitly solve
the 10D vacuum Einstein equations following from (3.6), whose solution is given by
e(α+2)A =
3(α + 2)2y2
32L2
, α1 =
(α+ 2)2
8
, a(t) ∝ et/λL. (3.9)
Note that this solution will not change if we take X5 = S
5 instead of X5 = T
1,1. In the
case of a Ricci-flat 6D space, we shall take α = −2± 2√2. Hence
eA(y) =
(
3y2
4L2
)±1/2√2
, α1 = 1. (3.10)
One takes the +ve exponent so as to avoid the divergence of the warp factor at y = 0.
In the context of string flux compactifications, Giddings et al [11] made the choice
α = 2 and R6 = 0. This already belongs to a restrictive class of metrics, for which the
solution of 10D vacuum Einstein equations is trivial: a(t) = const, A(y) = const. In fact,
as is clear from (3.9), when α = 2, an inflationary de Sitter solution can be obtained by
allowing Y6 to have negative curvature R6 = Rmng
mn < 0, or by taking α1 = 2 in (3.6).
Similarly, the model studied by Gibbons in [14] corresponds, in our case, to the choice
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eA(y) =W (y) and α = 0. In this case, cosmological de Sitter solutions can be obtained by
allowing Y6 to have positive curvature R6 > 0, or by taking α1 = 1/2 in (3.6).
Note that the solutions given above, equations (3.2) (3.5) and (3.9), are defined up to
the rescaling y → y+ ǫ, where ǫ is a shift parameter denoting the minimum size of X5. The
10D Kretschmann scalar is given by K = RabcdR
abcd ∝ (y + ǫ)−8/(2+α). With ǫ > 0, the
metric is smooth in the range 0 ≤ y ≤ ∞. The only singularity is such that the warp factor
e2A going to zero at y = −ǫ. However, since the g00 component of the metric decreases as
y → −ǫ, according to the strong version of singularity theorem discussed in [15], a space-
like singularity where e2A → 0 may be allowed as it can have a field theory interpretation.
In any case, we can completely get rid of this pathology, i.e. a causal treatment of bulk
singularity, by expressing our solutions in some more suitable coordinate system.
In fact, for the metric (3.6), the singularity of the warp factor at y = 0 (with α1 6= 1) is
a coordinate artifact. To quantify this, let us first consider the case α = −2 and introduce a
new coordinate z such that y ≡ e− βz, where β is a constant. The ranges of the coordinates
are −∞ ≤ z ≤ ∞ and 0 ≤ y ≤ ∞. We then find that the metric
ds210 = e
2A(z)
(−dt2 + a(t)2 dx2)+ 2e−2A(z)r2c e− 2βz
(
β2
2
dz2 +
1
9
e2
ψ
+
1
6
4∑
i=1
e2i
)
(3.11)
solves all of the 10D Einstein equations when
A(z) = −β(z + z0)
2
, a(t) ∝ exp
√
2 t2 e− 2βz0
3 r2c
, (3.12)
where rc ≡ λ is the compactification scale. From the relation e−2A = e2Ae2β(|z|+z0), we can
easily see that it is the same warp factor e2A that multiplies both the 4D and the 6D metrics
in (3.11). The Kretschmann scalars for the 6D and 10D parts of the metric are given by
RmnpqR
mnpq = 53 e2β(z−z0)/(2r4c ) > 0 and RABCDRABCD = 107 e2β(z−z0)/(3r4c ) > 0, which
are smooth everywhere, and the solution has no any physical singularities.
In the α 6= −2 case, using the transformation y ≡ e−z/2 in (3.6), we find that the
explicit solution to 10D Einstein equations is given by
A = −(z + z1)
2 + α
, a ∝ exp
√
32 t2e−z1
3(2 + α)2λ2
, α1 =
(2 + α)2
8
. (3.13)
This solution is also regular everywhere.
Finally, we give one more explicit example of a completely nonsingular solution. We
write the 10D metric in the form
ds2
10
= e2A(z)ds2
4
+ e−αA(z)λ2 ds26, (3.14)
where the 6D metric has the form
ds26 ≡ sinh2(z + z0) dz2 + α1 cosh2(z + z0) ds2X5 . (3.15)
Both the 6D Ricci scalar and the Kretschmann scalar K = RmnpqR
mnpq, i.e.
R6 =
20(1− α1)
α1 cosh
2 (z + z0)
, K =
8(5α2
1
− 10α1 + 17)
α2
1
cosh4(z + z0)
, (3.16)
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are smooth everywhere. The 10D Einstein equations are solved for
A(z) =
1
2 + α
ln
(
3(2 + α)2 cosh2(z + z0)
32L2
)
, α1 =
(α+ 2)2
8
, a(t) ∝ et/λL.
(3.17)
This provides an explicit example of non-singular warped compactification on dS4. The
above results also reveal that inflationary cosmology is possible with every choice of α,
provided that we do not restrict the spatial curvature of the internal space.
3.1 Einstein’s equations on a brane
In the following we specify a boundary condition such that the warp factor is regular at z =
0 where we place a p-brane with brane tension τp. We also impose a Z2 symmetry around
the brane’s position at z = 0. The metrics like (3.11) and (3.14) will then have discontinuity
in its first derivatives at z = 0, implying that ∂|z|/∂z = sgn(z). For illustration, we consider
the metric (3.11) from which we derive
Gzz = 0, GMN = − 8
βr2c
e−βz0 δ(z)gMN , (3.18)
where (M,N) = t, xi, θi, φi, ψ. The 10D Einstein equations can be written as
GAB = −τp P (gAB), (3.19)
where P (gMN ) is the pull-back of the spacetime to the world volume of the p-brane (with
p ≥ 3) with tension τp.
In general, in a 10D warped background, one can consider a p-brane (with co-dimensions
3 ≤ p ≤ 8) wrapped on the X5 space of the internal manifold. For instance, in the p = 8
case, three of the extra dimensions could extend along the xµ directions. A situation like
this could arise in the type IIA supergravity in ten dimensions where one finds NS5-branes
as well as D6 and D8-branes. Similarly, in the type IIB supergravity in ten dimensions,
one may consider both D3 and D5-branes.
Let us consider the special case that p = 8, for which P (gAB) = δ(z)δ
M
A δ
N
B gMN/
√
gzz.
From equations (3.18)-(3.19) we then find that, with
τp =
8
rc
e−βz0/2, (3.20)
the 10D Einstein equations are satisfied both at z = 0 and away from z = 0.
3.2 Some remarks on earlier no-go theorems
A couple of remarks are in order. The no-go theorems discussed earlier by Gibbons [14]
and Maldacena and Nun˜ez [15] do not apply here, at least, in their original forms. The
main reason for this is that the theorems discussed in [14, 15, 18] required all of the extra
dimensions to be physically compact, the warp factor to be constant and the warped volume
V w
6
∼ ∫ √g6 e(2−3α)A to be finite (or constant) when integrated over Y6. In our examples
the extra-dimensional volume is only suppressed as compared to the 4D volume, but it can
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be arbitrarily large. The previous authors also imposed an extra constraint, so-called a
boundedness condition
∫ ∇2zenA = 0 (for any positive n), which is generally not satisfied
by cosmological solutions, especially, in the presence of localized sources like branes. In
the following we would like to be a bit more explicit on these remarks.
The discussions of the no-go theorem in [11,14,15] appeared to be special at least from
two reasons. First, the previous authors assumed, though only implicitly, that the extra
dimensional manifold is maximally symmetric, such as (with D = 10, m = 6),
ds2
6
= dz2 + dz21 + · · ·+ dz25 , (ǫ = 0, T 6)
ds2
6
= dz2 + sin2 z dΩ25, (ǫ = +1, S
6) (3.21)
ds2
6
= dz2 + sinh2 z dΩ25, (ǫ = −1, H6).
where dΩ25 is the metric of a five-sphere. This yields Rmn = ǫ(m − 1)gmn. In this case,
the internal curvature has no free parameter that can be tuned or fixed according to the
choice of α in the warp factor. Second, only some specific values of α were considered.
Although a choice as α = 2 [3, 11] has often been motivated from earlier works by
Klebanov and his collaborators [13,16,17], in the context of string/gauge theory dualities
in a supersymmetric background, we find no particular reason to constraint the warp factor
(and the 6D curvature), especially, in a general cosmological background.
Indeed, it is not difficult to see, even with a canonical choice of the metric as equa-
tion (3.21), that certain values of α (in the warp factor) allow a de Sitter solution to occur.
In the above case, one has
(10)Rµν(x, z) =
(4)Rˆµν(x)− gˆµν e(2+α)A(z)
(
2(2 − α)A′2 +∇2zA
)
. (3.22)
Thus, for some background solution with (10)R = 0, one gets
∇2ze(2+α)A =
(2 + α)
4
(4)R(gˆ)− (2− 3α)
2 + α
e−(2+α)A
(
∂ze
(2+α)A
)2
. (3.23)
While the condition like
∫ ∇2ze(2+α)A = 0 can be satisfied in some specific examples in
AdS compactification, with suitable boundary conditions, it is quite restrictive. Localized
sources like branes and orientifold planes will violate such a condition. We also refer to a
recent paper [19] for some related discussions on warp factor dynamics .
Let us also consider the warped volume constraint
1
GeffN
∼ V w6 ∼
∫
d6z
√
g6 e
(2−3α)A(z).
We may use this relation to fix an overall normalization of warp factor such that GeffN yields
the 4D Newton’s constant at a boundary or 4D hypersurface where eA ∼ 1. Particularly,
with a constant warp factor eA(z) ≡ eA0 , the warped volume V w6 ≃ e(2−3α)A0 × Vol(Y6)
becomes finite once Vol(Y6) is fixed. But in a generic situation with a nonconstant warp
factor, the warped volume can be arbitrary large. We will return to this discussion below.
As is evident, some of the explicit solutions found in this paper might not respect
at least one of the above-mentioned assumptions of the no-go theorem, especially, the
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boundary condition,
∫ ∇2ze(2+α)A = 0, which is typically an additional constraint on the
warp factor. For illustration, consider the solution (3.14), for which
(10)Rµν(x, z) =
(4)Rˆµν(x)− gˆµν
λ2 sinh2(z + z0)
e(2+α)A(z)
(
2(2 − α)A′2 +∇2zA
)
= (4)Rˆµν(x)− gˆµνe
(2+α)A(z)
λ2
×
[
2(2 − α)A′2 +A′′
sinh2(z + z0)
+
(
10
sinh 2(z + z0)
− cosh(z + z0)
sinh3(z + z0)
)
sgn(z)A′
]
= (4)Rˆµν(x)− gˆµν
4λ2
(
12
L2
+
3(2 + α)
2L2
coth(z + z0) δ(z)
)
. (3.24)
Tracing this we can see that a de Sitter solution with Rˆ(4) > 0 is possible in our model.
3.3 How to get a finite Newton’s constant?
Although stabilization of the extra dimensional volume has been one of the key issues in
the study of inflationary solutions both from classical supergravities and string theory, in
the literature there are no simple constructions that give rise to a finite 4D Planck scale
as well as a stabilized volume modulus. In our view, this is not a significant drawback in
our model though one could always hope to find a robust example with all moduli fixed.
In [11], Giddings et al found interest in string compactifications with a finite 4D Planck
scale. However, their construction does not seem to reasonably produce a finite 4D Planck
mass. To understand this, it is important to note that even when if one starts with a six-
dimensional compact manifold such as S6 or compact Calabi Yau spaces, the 4D Planck
mass is not finite on its own, especially, when the 10D metric background is warped or
non-factorizable as in our examples. With a metric ansatz of the form (3.6), one has
1
GeffN
∝ V w6 ∼
∫
d6y
√
g6 e
(2−3α)A(y). (3.25)
For the choice made in [11], i.e. α = 2, one has
V w6 ∼
∫
d6y
√
g6 e
−4A(y). (3.26)
As long as the warp factor is non-constant, which is obviously the case both in the models
of string flux compactifications studied in [3,11] and in the above examples, the 6D warped
volume would have a nontrivial dependency on some function of y.
For example, consider the explicit solution (3.9), for which
V w6 ∼ V5
∫
dy (y + ǫ)5 e(2−3α)A(y) ∝ V5
∫
dy (y + ǫ)(14−α)/(2+α) , (3.27)
where V5 is the physical volume of the base space X5 (which is independent of y) and ǫ is
the resolution parameter. In the particular case that α = 2, we get
V w6 ∼ V5
∫ y2
y1
(y + ǫ)3dy. (3.28)
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Apparently, if y is allowed to range from 0 to ∞, then the six-dimensional warped volume
is not finite. This is indeed a familiar feature of almost every inflationary solutions arising
from string theory or warped supergravity models [17], for which the radial modulus is
left unfixed. This particular behaviour of the solution is not changed (except some minor
modifications) by introducing external form fields or supergravity fluxes [3, 5, 11]. The
KKLT proposal [3] is not an exception. On a general basis, for any solution to be viable,
the six dimensional volume should be small enough (preferably exponentially suppressed)
compared to the four-dimensional volume, at least, at late times (t→∞).
An apparent divergence of the 6D volume in the above examples may not be something
that is phenomenologically ruled out or unpleasant. To be precise, let us first consider the
solution (3.6)-(3.9), which can be written as
ds210 = e
2A(y)
(
−dt2 + e2t/λL dx23 +
32λ2L2
3(2 + α)2
dy2
(y + ǫ)2
+
4λ2L2
3
ds2
X5
)
. (3.29)
All of the dimensions can be small and symmetric at t = 0. With the expansion of the usual
3 + 1 spacetime, which is exponential in our example, the extra dimensional volume gets
suppressed at late times, t→∞. Particularly, to a 4D observer, who uses the coordinates
xµ to measure rods and clocks, the 6D volume is given by
V6 =
64
√
2
27
λ6L6
(2 + α)
V5
∫
dy
(y + ǫ)
=
2048
√
2
729
π3λ6L6
|(2 + α)| ln(y + ǫ). (3.30)
In the above we have used the result V5 ≡ (1/108)
∫
d(cos θ1)d(cos θ2)dφ1dφ2dψ = 16π
3/27.
An obvious drawback of the solution (3.29) is that the metric is singular at y = −ǫ. This
is just a coordinate artifact, indicating that y is not a globally defined coordinate.
To get physical results, including a finite 4D Planck mass, one may introduce some
elements of the Randall-Sundrum type braneworld models [12]. In this approach one first
writes the metric solution in terms of z coordinate which may be related to the usual
conifold coordinate y using the relations such y ∝ e−βz (in the α = −2 case) or y ∝ cosh z
(in the α 6= −2 case), or directly consider line elements of the form (3.11) or (3.14). Then
by imposing a Z2 symmetry around the brane’s position at |z| = 0, one can show that the
extra dimensional volume is effectively finite.
As a physically more appealing example, we consider the non-singular solution (3.17),
along with (3.14) and (3.15). The 10D metric takes the form
ds2
10
= e2A(z)
(
−dt2 + e2t/λL dx23 + e−(2+α)Aλ2 ds26
)
= e−χ
(
3(2 + α)2 cosh2 (z + z0)
32L2
)2/(2+α)
×
(
−dt2 + e2t/λL dx23 +
32L2λ2
3(2 + α)2
tanh2 (z + z0) dz
2 +
4L2λ2
3
ds2
X5
)
,(3.31)
where eχ is arbitrary. Here, without loss of generality, we may set z0 = 0, which corresponds
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to a rescaling of the radial coordinate z. We thus obtain
ds210 = e
−χ
(
3(2 + α)2 cosh2 z
32L2
)2/(2+α)
×
[
−dt2 + e2t/λL dx23 +
32L2λ2
3(2 + α)2
tanh2 z
(
dz2 +
(2 + α)2
8
cosh2 z
sinh2 z
ds2
X5
)]
.
(3.32)
For this solution, as the result (3.16) also implied, both the 6D and the 10D curvature
tensors are regular everywhere. If required, by choosing α appropriately, such as, α <
2
√
2− 2, we can maintain a positively curved 6D manifold or a squashed six-sphere which
is topologically compact. The radial modulus, which scales as | tanh z|, is finite in the limit
|z| → ∞. To a 4D observer, who uses the coordinates xµ to measure rods and clocks, the
6D volume is
V6 =
2048
√
2
729
π3λ6L6
|(2 + α)| ln cosh z. (3.33)
Presumably, there is no need to make any unnatural cutoff in the z coordinate. That is, as
with the usual three non-compact directions (x1, x2, x3), the range of the z coordinate may
be chosen to be 0 ≤ z ≤ ∞. It is interesting to note that, with an exponential expansion of
the 3 + 1 spacetime, the 4D volume becomes infinitely large at late times (t →∞), while
the extra dimensional volume grows only linearly with z.
4. Effect of supergravity fluxes
Inflationary de Sitter solutions of the above type can be obtained in a more general class
of warped compactifications or 10D supergravities by introducing a five-form flux of the
form
F˜(5) = (1 + ∗)dF (y) ∧Ω4, (4.1)
where F (y) is some function on Y6 and Ω4 denotes a volume form for R
3,1. In the case
X5 ≡ T 1,1, or X5 = S2 × S3, one can also introduce a combined three-form flux [11]
G(3) = F(3) − τH(3). (4.2)
The 10D axion τ is generally allowed to vary over the compact manifold, τ ≡ τ(y).
Let us assume that the 10D metric spacetime takes the following convenient form
ds2
10
= e2A(y)gˆµνdx
µdxν + e−αA(y) gmn(y)dymdyn. (4.3)
The metric tensor gmn(y) is arbitrary in the sense that the internal compact space Y6 has
positive, zero, or negative Ricci curvature scalar. The noncompact components of 10D
Einstein equations then take the form [11]
(10)Rµν = −gˆµν
(
G2(3)
48Imτ
+
e−2(2+α)A
4
(∂F )2
)
+
1
M210
(
T locµν −
1
8
gµνT
loc
)
. (4.4)
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With the metric ansatz (4.3), the µν components of the 10D Ricci tensor read
(10)Rµν =
(4)Rµν(gˆ)− gˆµνe(2+α)A
(
∇2yA+ 2(2− α) (∂yA)2
)
= (4)Rµν(gˆ)− gˆµν
2 + α
(
∇2ye(2+α)A +
(2− 3α)
(2 + α)
e−(2+α)A(∂ye(2+α)A)2
)
. (4.5)
Using this and tracing (4.4) we find
∇2yA =
1
4
(4)R(gˆ)e−(2+α)A − 2(2− α)(∂yA)2
+ e−αA
G2(3)
48Imτ
+
e−(4+3α)A
4
(∂yF )
2 +
e−αA
8M210
(
Tmm − T µµ
)
loc
. (4.6)
or
∇2ye(2+α)A =
(2 + α)
4
(4)R(gˆ)− (2− 3α)
(2 + α)
e−(2+α)A(∂ye(2+α)A)2
+
(2 + α) e2A
4
(
G2(3)
48Imτ
+
e−2(2+α)A
4
(∂yF )
2
)
+
(2 + α)
8M210
(
Tmm − T µµ
)
loc
.
(4.7)
The choice made by the authors of [11], i.e. α = 2, is special for which the second term on
the right-hand side of (4.6) vanishes. It is quite clear that, with a suitable choice of α, the
10D supergravity equations would allow a de Sitter solution ((4)R > 0) with nonconstant
warp factor even when the contribution from the second line in equation (4.6) or (4.7)
vanishes. The argument in [11] that in the absence of localized brane sources the fluxes
must be constant and the warp factor must also be constant does not hold, for instance,
when α < 2/3 even if
∫ ∇2ye(2+α)A = 0. A detailed discussion about the effects of fluxes,
which is beyond the scope of this paper, will appear elsewhere.
5. Conclusion
We conclude the paper with a short summary of the results. We have presented new
cosmological solutions which use generalized 6D Einstein spaces having positive, negative
or zero scalar curvature. Our novel observation is that inflationary de Sitter solutions can
arise with all three possibilities for the internal space curvature (i.e. R˜(6) = 0, > 0 or < 0),
provided one would consider the 10D metric in a sufficiently general form.
A pertinent question to ask is: Can the 4D effective cosmological constant Λ4 found in
the above examples be tuned to be the present value of dark energy Λ0 ∼ 10−120M2Pl? The
answer to this question seems affirmative. In fact, all our solutions discussed in this paper
are invariant under a constant rescaling gmn → e−2Ω gmn. As a result, there can appear
an arbitrary coefficient multiplying the 10D metric spacetime. For example, consider the
following 10D metric solution
ds2
10
= e−2β|z|−χ
(
−dt2 + exp
(
2
√
4
3
eΩ t
)
dx2
3
+ e−2Ω
(
2β2dz2 + ds2
5
))
. (5.1)
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A constant warp factor like e−χ in the above example does not change the cosmological
behaviour of our solutions, but it may affect the value of the effective 4D Planck mass. To
be more specific, we may consider the following dimensionally reduced action
ds210 =
M810
2(2π)6
∫
d10x
√−g10
(
R(10) + · · ·
)
=
M8
10
π3
×
√
2
432
e−4χ−6Ω
∫
d4x
√−g4
(
Rˆ(4) − 2Λ4 + · · ·
)
, (5.2)
where Λ4 ≡ 8e2Ω. We have assumed the existence of some sort of “brane” at the z = 0
boundary of spacetime, so
∫
dz e−8β|z| ∼ 14β O(1). The parameters like e−χ and eΩ may be
fixed using some phenomenological constraints. As a simple possibility, we may demand
that Λ4 = 8e
2Ω ∼ 10−120M2Pl and M10 > TeV ∼ 10−15MPl. Then we would have to take
χ & 136. If we do not require Λ4 to be close to present value of dark energy density, then
the parameters like eχ and eΩ do not have to be fine-tuned precisely.
In our construction, no energy conditions are violated in the 4D effective theory except
the strong energy condition (SEC) Rˆ
(4)
tt > 0, or equivalently ρ+3p > 0, which applies only
to ordinary matter. The SEC is violated anyway by a cosmological expansion satisfying
Rˆ
(4)
tt ≡ −3a¨a < 0 and it may also be violated in spacetime dimensions D < 10. In the full
10D theory none of the energy conditions are violated (see also [20]).
Finally, we make a couple of remarks. In our view, for any cosmological model to
be viable in large volume limits of some consistent string theory or supergravity com-
pactifications, the solutions to 10D Einstein equations are required to be nontrivial (or
cosmologically relevant) even when the external fluxes and or non-perturbative effects are
absent. The present paper meets this requirement. Although in some specific models, for
example, for the S-brane solutions derived in [6], the vacuum solution may not be obtained
just by taking a zero-flux limit of some generic solutions, by shifting certain parameters in
the solutions [7] or by writing a general ansatz for p-form gauge field strengths, consistent
with the symmetries of the internal manifold, the zero flux case can be treated uniformly.
In string theory, certain background fluxes are known to be required to satisfy certain
quantization conditions [11], especially, in a supersymmetric background, and also for some
other good physical and mathematical reasons, such as, for fixing complex structure moduli
associated with non-compact Calabi-Yau spaces [3]. These often place strong constraints
on the local geometry of Y6 and also on the warp factor. After all, supersymmetry is
broken in our universe and in the large volume limit, when the back reaction of the fluxes
on Einsteins equations can be ignored (since their contribution to the stress tensor or the
effective potential is volume suppressed), the warp factor may be determined purely by
10D Einstein equations alone, i.e. supergravity equations with zero flux. That is to say,
any consistent solution of 10D supergravity or string theory might survive in the limit the
external fluxes are turned off, giving rise to a smooth Einstein limit. One reason behind
this expectation is that the effect of internal space curvature scales as e−(2+α)A while that
the flux potential scales as e−2(2+α)A
∫
X
F 2 (X is the internal manifold and F is the field
strength). Furthermore, in the large volume limit, all possible non-perturbative effects,
worldsheet α′ corrections and string loop corrections can be negligibly small.
In some ways our models look similar to Randall-Sundrum-type braneworld construc-
tions with the important difference that the effect of a 5D compact space or base manifold
– 13 –
X5 have already been incorporated in the simple exact classical gravity solutions. It might
be possible to design string theory examples of inflationary cosmologies by generalizing the
construction in our paper. It is also quite plausible that Ricci non-flat warped spaces add
richness to string cosmology and may potentially lead to the realization of new cosmological
scenarios.
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